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Graphene nanostrips with single or few layers can be used as bending resonators with
extremely high sensitivity to environmental changes. In this paper we report molecular
dynamics (MD) simulation results on the fundamental and secondary resonant
frequencies f of cantilever graphene nanostrips with different layer number n and
different nanostrip length L. The results deviate signiﬁcantly from the prediction of not
only the Euler–Bernoulli beam theory (fpnL  2), but also the Timoshenko’s model. Since
graphene nanostrips have extremely high intralayer Young’s modulus and ultralow
interlayer shear modulus, we propose a multibeam shear model (MBSM) that neglects
the intralayer stretch but accounts for the interlayer shear. The MBSM prediction of the
fundamental and secondary resonant frequencies f can be well expressed in the form
f  fmonop[(n–1)/n]bL  2(1  b), where fmono denotes the corresponding resonant frequency as the layer number is 1, with b ¼ 0.61 and 0.77 for the fundamental and
secondary resonant modes. Without any additional parameters ﬁtting, the prediction
from MBSM agrees excellently with the MD simulation results. The model is thus of
importance for designing multilayer graphene nanostrips based applications, such as
resonators, sensors and actuators, where interlayer shear has apparent impacts on the
mechanical deformation, vibration and energy dissipation processes therein.
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction
Two-dimensional graphene monolayer, where carbon atoms are bonding together through in-plane sp2 bonds, features
unique physical and chemical properties including isotropic planar elasticity with ultra-high in-plane stiffness and
strength and Dirac fermions electronic structures (Novoselov et al., 2005; Zhang et al., 2005). Its thermal conductivity and
mechanical stiffness/strength can reach the in-plane values of its bulk counterpart, graphite, and surpass most of the other
engineering materials (Balandin et al., 2008; Gómez-Navarro et al., 2007; Lee et al., 2008; Stankovich et al., 2006;
Xu, 2009). According to its high stiffness and perfect lattice structure extending to macroscopic length scales, graphene
sheet holds great promises in developing nano-electromechanical devices featuring resonant frequencies beyond 100 MHz
(Bunch et al., 2007; Chen et al., 2009; Robinson et al., 2010) and simultaneously quality-factors Q up to 104 (Chen et al.,
2009). The rapid development of graphene synthesis and transfer techniques (Lee et al., 2008; Li et al., 2009) recently even
promotes fabrication of graphene-based nano-devices and more proposed applications thus become feasible.
Frequencies for the eigen-modes are of extremely importance for sensors and actuators based on a resonant
mechanism, as the changes in their resonant frequencies under external cues such as adsorption, contamination and
electromagnetic ﬁeld, are usually utilized as characterization of the cue amplitudes (Ekinci, 2005; Ekinci et al., 2004;
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Huang et al., 2003; Poncharal et al., 1999). The resonant vibration of bending modes of multilayered graphene nanostrips,
not only features very high frequencies and large transverse displacement because of their thickness of a few atoms, but
also can be engineered by tuning both the number of graphene layers and geometry of nanostrips (size, shape, etc.). Thus
for optimal design of graphene nanostrip-based electromechanical devices, it is necessary to understand relationship
between the transverse vibration dynamics, corresponding resonant frequencies and the beam structures. In contrast to
the conventional beams in nano or micromechanical devices, such as silicon carbide, zinc oxide nanowires and carbon
nanotubes at the small deformation regime (Huang et al., 2003; Ke et al., 2005; Pugno, 2005), where Euler–Bernoulli beam
theory gives quantitatively accurate prediction, novel phenomena and effects are recently observed in graphene structures,
such as the out-of-plane deformation and localized ripple of the graphene sheet. In bending deformation, these effects can
modify the mechanical properties (Fasolino et al., 2007; Xu and Buehler, 2010), charge distribution and its electron
transport properties (Bolotin et al., 2008; Gibertini et al., 2010).
Graphene, only one atom thick, is the thinnest material in the nature. This leads to exceptional mechanical properties of
graphene, such as extensibility up to a strain of 20% (Lee et al., 2008; Meyer et al., 2007; Xu, 2009). The in-plane stiffness and
strength of graphene are exceptionally high, on the order of 1 TPa and 200 GPa, respectively (Gómez-Navarro et al., 2007;
Lee et al., 2008). On the other hand the graphene can also be very ﬂexible as the out-of-plane deformation amplitude can be
extremely large for large-scale sheet because of its high aspect ratio. Surface ripples are also an intrinsic feature of suspended
graphene sheet induced by thermal ﬂuctuation or local defects (Meyer et al., 2007). A regular one- or two-dimensional ripple
texture can be easily generated in a suspended graphene ﬁlm by different thermal strains in the graphene and interface stress
between the graphene and underlying substrate (Bao et al., 2009; Xu and Buehler, 2010). Moreover, a supported graphene can
follow the substrate to generate complicated morphology (Li and Zhang, 2010). The mechanical properties of a single layer or
multilayer graphene can be described by continuum shell models (Arroyo and Belytschko, 2002; Huang et al., 2010; Huang
et al., 2006; Wang et al., 2005; Yakobson et al., 1996). A unique feature of the multilayered graphene structures is the extreme
anisotropy between interlayer shear and intralayer tensile modulus and strength (Wang and Zheng, 2007), which is utilized in
several types of nanomechanical devices (Shi et al., 2010a, b; Shi et al., 2009; Xu et al., 2008; Zheng and Jiang, 2002). In order to
describe the mechanical properties of multilayer graphene based materials, such as multi-walled carbon nanotube and
multilayer graphene sheets, the interlayer van der Waals interaction has been incorporated into the continuum shell models of
the single layer graphene (Arroyo and Belytschko, 2005; He et al., 2005; Liew et al., 2006; Ru, 2001). However the existing
continuum models for multilayer graphene fail to consider the shear energy between the graphene layers as the discrete
graphene lattice registry is not included in the continuum models. As the very small thickness of the graphene leads to a very
small bending rigidity, the interlayer shear energy may play a very important role in bending and vibration of multilayer
graphene sheets and must be considered in the related continuum models.
In multilayer graphene sheets, unlike conventional bulk materials that are widely used in micro-electromechanical
devices, the interlayer van der Waals binding is very weak that enables ﬂexibility for interlayer shear deformation or
relative sliding. Self-retracting behavior is discovered in extracted graphite microﬂakes from substrate, indicating an
extremely low resistance against shear loads and representing a new mode of pulling-retracting motion (Zheng et al.,
2008). Similar self-retracting behavior is also found in multi-walled carbon nanotubes with the interlayer shear strength
estimated as 0.3–0.48 MPa (Cumings and Zettl, 2000; Yu et al., 2000a; Yu et al., 2000b). This unique feature not only
provides a highly mobile interface between neighboring graphene sheets that can be in purpose designed for use in
mechanical devices, but also has dramatic effects on the physical and chemical properties of multilayer graphene sheets as
a bulk material. However, these issues are not well addressed in earlier works studying the dynamical behaviors of
graphene resonators (Bunch et al., 2007; Chen et al., 2009; Robinson et al., 2008). In general, effects of the interlayer shear
on the vibrational behavior of multilayer graphene beam are still not clariﬁed. In order to investigate the effects of
interlayer shear on their resonant performance, we perform molecular dynamics (MD) simulations of cantilever beams
consisting of various numbers of graphene layers. According to the simulation results, negligible in-plane tension is
involved in the bending motion of multilayer graphene beam, thus we also pursue theoretical analysis based on the
tension-free assumption.
2. Molecular dynamics simulations
In the MD simulations we use Dreiding force-ﬁeld to describe both the intralayer and interlayer interactions between
carbon atoms (Mayo et al., 1990). The parameters in the potential function are validated by correctly characterizing the
structural and mechanical properties of carbon nanostructures (Guo et al., 1991; Rivera et al., 2003; Xu et al., 2008). The
software GROMACS (Lindahl et al., 2001) is used for all the MD simulations. The graphene nanostrips investigated here
have rectangular cross-sections with a ﬁxed width of 2 nm but different heights as can be calculated by their layer number
n and interlayer distance h. The lengths of the strips ranging from 8 to 16 nm are investigated in the simulations.
After structural relaxation, we apply a displacement of 1 nm to the free end of each cantilevered nanostrip at the
beginning of the simulation to initialize a transverse vibration. The system then evolves in a NVE ensemble. The equations
of motion are integrated numerically using the Velocity-Verlet algorithm with a time step of 1 fs. The atomic structures of
the multilayer graphene nanostrips at initiation are illustrated in Fig. 1(a), showing a remarkable shear deformation at the
free end of each multilayer graphene cantilever under investigation. The free end transversal motion of the strips is
tracked, as plotted in Fig. 1(b). We see that the vibration sustains without signiﬁcant energy dissipation in the duration of
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Fig. 1. The transversal vibration motion of the graphene cantilever nanostrips. (a) Atomic structures of the cantilevers consisting of one through six
layers, with a width of 2 nm and length of 10 nm. Initial amplitude of the free-end deﬂection is 1 nm. (b) Free-end displacements of the corresponding
graphene nanostrips. (c) Resonant frequencies of the corresponding cantilevered graphene nanostrips resulted from fast Fourier transformation of (b).

one nanosecond. We also see that the displacement–time curve deviates from ideal sinusoidal function, featuring
numerous corrugations that result from local ripples in the graphene sheets. This phenomenon is unique for fewer-layer
graphene sheets in which higher-order beam-like modes with much shorter wavelength are immediately excited in
addition to the ﬁrst-order mode as initialized. The fast Fourier transformation (FFT) results are shown in Fig. 1(c), clearly
indicating domination of the fundamental resonance, coupled by the secondary resonance.
From Fig. 1(c) we can see that the fundamental and secondary resonant frequencies f shift not much when the graphene
layer number n exceeds two. To show more clearly the f–n dependence, we plot the fundamental and secondary
frequencies obtained from MD simulations in Fig. 2(a) and (c) as red hollow circles, respectively. We also investigate the
fundamental and secondary frequency–length relationships of multilayer graphene nanostrips by using MD simulations.
Resonant frequencies are calculated for nanostrips with length L, ranging from 8 to 16 nm. The red hollow circles plotted in
Fig. 2(b) and (d) represent the simulated results of three-layer graphene nanostrips.
3. Multibeam shear model
3.1. Euler–Bernoulli model
Due to their large length-to-thickness ratios, typical thin beams are well described by classical Euler–Bernoulli beam
model (EBM). For a cantilever beam with a uniform rectangular cross-section of thickness H and width b made of
a homogeneous linear elastic material, its resonant frequencies are known to be
sﬃﬃﬃﬃﬃﬃﬃ
b2
EI
f¼
,
ð1Þ
2pL2 rA
where E and r are Young’s modulus and mass density of the material, A ¼bH and I¼bH3/12 are cross-section area and area
inertia moment and b is the resonant mode parameter that is one of the solutions of equation
1 þcosh b cos b ¼ 0,
giving the values of b ¼1.875, 4.694, 7.855, y, for the leading resonant modes.

ð2Þ
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Fig. 2. The fundamental and secondary resonant frequencies of graphene cantilever nanostrips with different layers and different lengths.
(a) Fundamental frequencies of graphene cantilever nanostrips consisting of one through six layers. Different results are from empirical molecular
dynamics (MD) simulations (red hollow circles), the relation of f¼ 3.7 þ6.7[(n  1)/n]0.61 (blue dashed line), Euler–Bernoulli beam model (EBM)
prediction (green squares) and multibeam shear model (MBSM) prediction (black crosses). (b) Scaling laws of the fundamental resonant frequencies of
three-layer graphene cantilever nanostrips. Different results are from MD simulation (hollow circles), the relation of f ¼32(10h/L)2 þ 12.1(10h/L)0.78 (blue
dashed line), MBSM prediction (crosses) and EBM prediction (green dash-dotted line). (c) and (d) The secondary resonant frequencies with different
layers and lengths, with the same representations as (a) and (b), respectively. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

If EBM is applied to our studied n-layer graphene beams, we have H¼nh, where h¼0.335 nm is the interlayer spacing.
Thus, (1) can be reformulated into the following form:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2
Dbend
f¼
n ¼ fmono n,
ð3Þ
rh
2pL2
with
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dbend
,
fmono ¼
rh
2pL2

b2

ð4Þ

where Dbend is the bending rigidity of a monolayer graphene of unit width, and fmono the resonant frequency of a
monolayer graphene cantilever beam. Thus, EBM gives a linear dependence upon the layer number f pn and a scaling law
f pL2 . While if the interlayer interaction is extremely weak and graphene layers vibrate independently, the frequencies f
then apparently have no dependence on the number of layers n. To view the departures of the EBM prediction f from the
MD simulation results for the fundamental and secondary resonant frequencies, we plot f versus n and L, respectively, in
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Fig. 2(a), (b) and (c), (d) (green dash-dotted line), with the value Dbend ¼ 3.42  10  19 kgm2 s  2 obtained by equating the
fundamental resonant frequency of monolayer graphene cantilever obtained in our MD simulation into the EBM frequency
relationship Eq. (4). The results reveal that EBM prediction deviates severely from the resonant behavior of multilayer
graphene cantilever beams.
3.2. Multibeam shear model
In order to obtain some insights into this remarkable difference, we make such an analysis as introduced below. For the
single-walled carbon nanotube, Yakobson et al., 1996 (see also Wang et al. (2005) and Chang and Gao (2003)) suggested
that Young’s modulus and thickness should be deﬁned consistently as 5.5 TPa and 0.066 nm to enable the continuum shell
model to accurately characterize the elastic response. It is notable that thickness 0.066 nm is one-ﬁfth of the intuitive
deﬁnition of graphene sheet thickness (interlayer distance in graphite or multi-walled carbon nanotubes). Thus, a more
reasonable model for the graphene nanostrips should be a structure of multibeams. Indeed, from the vibrational
deformation and motion of the multilayer graphene cantilever nanostrips (see, for example, Fig. 1(a)) we ﬁnd that the
weak interlayer van der Waals interaction cannot maintain the registry of carbon atoms in adjacent layers, and
consequently the cantilevers cannot be considered as an integrated solid. Instead, we must incorporate the interlayer
shear into our analysis for a more accurate estimation of the resonant frequencies of the multilayer graphene cantilever
nanostrips. Here we propose a new model, which is denoted as multibeam shear model (MBSM). We ﬁrstly assume that
every graphene layer behaves as a cantilever beam and then introduce a potential energy term accounting for the shear
between neighboring graphene layers. From the MD simulation results we ﬁnd that vibrations of all graphene layers are
coherent, i.e. their displacements are almost the same. Thus we further make a simpliﬁcation that every beam has the
same transverse displacement w, and hence the same interlayer shear w0 , where superscript 0 denotes spatial derivative
along x direction in the beam contour.
Fig. 3 gives a schematic illustration of this model, in which the vertical massless rigid bars keep all the beams with the
same w and the oblique massless springs establish proper interlayer shear elasticity, G. The beams are assumed to be
inextensible as in-plane Young’s modulus is too large compared to interlayer shear modulus (Kelly, 1981). The total
potential energy of this multibeams system in equilibrium under a distributed transverse load q is thus equal to:
Z L
Z L
Z L
Y
D
D
ðwÞ ¼ n bend
ðw00 Þ2 dx þ ðn1Þ shear
ðw0 Þ2 dx
qwdx,
ð5Þ
2
2
0
0
0
where Dshear ¼Gh is the graphene interlayer shear rigidity of unit width with G the interlayer shear modulus of graphene.
The variation of P with respect to w is derived as
Z L
Z L
Z L
Y
d ðwÞ ¼ nDbend
w00 dw00 dx þðn1ÞDshear
w0 dw0 dx
qdw dx
Z

0

L

¼
0

0

0



½nDbend w0000 ðn1ÞDshear w00 qdw dx þnDbend w00 dw0 L0 ½nDbend w000 ðn1ÞDshear w0 dwL0 :

ð6Þ

Requiring dP ¼ 0 yields the basic differential equation:
nDbend w0000 ðn1ÞDshear w00 q ¼ 0,

ð7Þ
0

and substituting boundary conditions at the clamped end dwð0Þ ¼ 0 and dw ð0Þ ¼ 0 yields the boundary conditions at the
free end:
w00 ðLÞ ¼ 0,
Dbend w000 ðLÞ

n1
Dshear w0 ðLÞ ¼ 0:
n

ð8Þ

Due to the interlayer shear, the transverse force boundary condition (8)2 at the free end is different from that of
a classical Euler–Bernoulli cantilever.

Fig. 3. Schematic illustration of MBSM model. The vertical massless rigid bars keep every beam having the same deﬂection and the oblique massless
springs establish interlayer shear, where h is interlayer space, w is deﬂection of every beam and w0 interlayer shear strain as indicated with dashed red
line. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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€ The control
To investigate free vibration of the system, the distributed load q is replaced by the inertial force nrhw.
equation now becomes:
Dbend w0000 

n1
€ ¼ 0:
Dshear w00 þ rhw
n

ð9Þ

For a harmonic vibration w(x, t)¼W(x) sin ot, it yields
4

d W
4

dx

2



n1 Dshear L2 d W rhL4 o2

W ¼ 0,
n Dbend dx2
Dbend

ð10Þ

where x ¼ x=L is the dimensionless coordinate. The general solution of Eq. (10) can be expressed as:
W ¼ A1 cosh b þ x þA2 cos b x þ A3 b sinh b þ x þ A4 b þ sin b x,

ð11Þ

where
vs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
rh
t
b¼
oL,
Dbend

Z¼
b7

n1 Dshear L2
,
2n Dbend
rq
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼
b4 þ Z2 7 Z:

ð12Þ
0

By substituting the boundary conditions at the clamped end W(0) ¼0 and W (0)¼ 0 into general solution (11), we get
relations A2 ¼  A1 and A4 ¼ A3. These relations, together with general solutions (11), are substituted into boundary
Eqs. (8), leading to the following boundary equations:
2

2

ðb þ cosh b þ þ b cos b ÞA1 þ b b þ ðb þ sinh b þ þ b sin b ÞA3 ¼ 0,
3

3

2

2

½ðb þ sinh b þ b sin b Þ2Zðb þ sinh b þ þ b sin b ÞA1 þ ½b b þ ðb þ cosh b þ þ b cos b Þ2Zb þ b ðcosh b þ cos b ÞA3 ¼ 0:

ð13Þ
To obtain nonzero solutions of A1 and A3, the determinant of the coefﬁcient eigen-matrix of (13) must be zero, viz

b4þ þ b4 2Zðb2þ b2 Þb þ b ðb2þ b2 4ZÞsin b sinh b þ þ 2Zðb2þ b2 Þcos b cosh b þ þ 2b2þ b2 cos b cosh b þ ¼ 0,
ð14Þ
Using the following identities:

b2þ b2 ¼ 2Z,
b2þ b2 ¼ b4 ,
b4 þ b4þ ¼ 4Z2 þ 2b4 :

ð15Þ

we further simplify Eq. (14) into the following eigen-equation:
!
1 þ 1þ 2

Z2

4

b

cosh b þ cos b þ

Z

b2

sinh b þ sin b ¼ 0,

ð16Þ

whenever Z ¼0, Eq. (16) degenerates into Eq. (2), i.e. the eigen-equation for EBM.
3.3. Comparison of MBSM and MD simulation results
Unlike each solution of the mode parameter b from the Euler–Bernoulli model eigen-equation (2) is constant, the
solutions of b from the MBSM eigen-equation (16) are functions of Z. Since Z has the range from 0 (as n-1) to inﬁnite
(through enlarging L), it seems to be quite impossible to have simple analytical solutions b(Z). Instead, we can numerically
get the exact leading solutions b 40 from Eq. (16). The results are plotted in Fig. 4 for the relationships between b2 and Z
for the fundamental and secondary solutions. The dashed lines are the least-square ﬁttings of the following power law

b2 ¼ b2mono þ aZb ,

ð17Þ

with
The fundamental resonant mode:
The secondary resonant mode:

bmono ¼ 1:875, a ¼ 1:36, b ¼ 0:61,

bmono ¼ 4:694, a ¼ 1:86, b ¼ 0:77:

Substituting (17) and (12)2 into (12)1 and noting f¼ o/2p, we obtain


n1 b 2ð1bÞ
L
,
f ¼ fmono þ k
n

ð18Þ

ð19Þ
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Fig. 4. The b2  Z relationships of the fundamental and secondary solutions solved from Eq. (16). (a) The relationship of the fundamental solution, the red
hollow circles correspond to ﬁxed length L¼ 10 nm and different layer number n¼1, 2, y, 6. The green crosses are for ﬁxed layer number n¼ 3 and
2
different length L¼ 8, 9, y, 16. The dashed line is the least square ﬁtting of the approximate relationship b2 ¼ b0 þaZb, with given b0 ¼1.875 and
undetermined ﬁtting constants a and b. (b) The b2  Z relationship for the secondary solution, with the same representations as (a). (For interpretation of
the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 5. Relationship between interlayer shear stress and strain of graphene layers, calculated by summing the van der Waals forces between a graphene
ﬂake and a substrate while the ﬂake is sliding with respect to the substrate, with Lennard–Jones formula used. Linear ﬁtting to the numerical results
gives a shear modulus G ¼ 0.25 GPa.

where fmono as given in Eq. (4) is the resonant frequency of monolayer graphene cantilever, and

 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a Dshear b Dbend
:
k¼
2p Dbend
rh

ð20Þ

The only undetermined parameters involved in MBSM are the interlayer shear rigidity Dshear and the bending rigidity Dbend
of monolayer graphene. We evaluate the bending rigidity Dbend through substituting the fundamental resonant frequency of
monolayer graphene cantilever obtained in our MD simulation into the EBM frequency relationship Eq. (4). This gives
Dbend ¼3.42  10  19 kg m2 s  2. To determine interlayer shear rigidity Dshear, which is deﬁned as the product of interlayer shear
modulus G and interlayer space h, we perform a MD numerical experiment, in which a small ﬂake of single-layer graphene is
sliding on a large single-layer graphene substrate and van der Waals forces between all atoms in the ﬂake and the graphene
substrate are calculated. The ﬂake is a 5 nm-wide square and the substrate is a 15 nm-wide square that is large enough to
eliminate the edge inﬂuence during sliding. The sliding direction is the same as what we observe in the vibration of multilayer
graphene nanostrips, i.e. armchair direction. We use Lennard-Jones formula to represent the interlayer van der Waals
interaction, with the formula and parameters all the same as used before for the interlayer interaction of Dreiding force-ﬁeld
(Mayo et al., 1990). In our calculation, the shear strain is deﬁned as g ¼s/h, where s is the displacement of the sliding graphene
ﬂake and h the graphene interlayer space. The calculated relationship between shear stress and strain is plotted in Fig. 5, from
which we estimate shear modulus G¼0.25 GPa by linearly ﬁtting the curve in the range of small strains. With interlayer space
h¼0.34 nm, we obtain the shear rigidity of unit width Dshear ¼0.085 kg s  2.
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The blue dashed lines in Fig. 2 plot the MBSM prediction (Eq. (19)) of the fundamental and secondary resonant
frequencies by using the above-determined values of Dbend and Dshear. Fig. 2(a) and (b) is the fundamental resonant
frequencies of different layers and different lengths, respectively. Fig. 2(c) and (d) are for the secondary resonant
frequencies. The results show an excellent agreement with the MD simulation results. The interlayer van der Waals
interaction of the multilayer graphene nanostrips is very weak, so the interlayer shear deformation is remarkable during
vibration. On the other hand the bending rigidity of single layer graphene is very small and the deﬂection of every layer in
the multilayer graphene nanostrips is almost the same. In the MBSM model we assume that every layer graphene has the
same deﬂection and account for the interlayer shear energy, so that it can accurately describe the vibration of the
multilayer graphene nanostrips and predicts excellently the resonant frequencies.
4. Comparison with Timoshenko’s model
Timoshenko’s theory of beams provides a classical beam model that accounts for shear deformation. The eigenequation for determining the resonant frequencies can be expressed into the following form (Salarieh and Ghorashi, 2006):
!


2
1 a2þ þ l2
a2 l22
1 a þ a
þ

ð21Þ
sinh a sin a þ ¼ 0,
1þ
cosh a cos a þ 
2
2
2
2 a2 l
2 a a þ
aþ þl


2

2

where
rﬃﬃﬃﬃﬃﬃﬃ
rH 2
b ¼
oL ,
D
rﬃﬃﬃﬃﬃ
2
rI
H b
l1 ¼
oL ¼ pﬃﬃﬃ ,
D
L
2 3
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃ
2
r
D b
,
l2 ¼
oL ¼
ks GH L
ks G
2

ð22Þ

and

a7

sr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1
¼
b4 þ ðl22 l21 Þ2 7 ðl22 þ l21 Þ:
4
2

ð23Þ

The shear coefﬁcient ks equals to 0.833 for the rectangular cross section.
In the Timoshenko’s model the parameter l1 accounts for the effect of the cross section rotational inertia and the l2
accounts for the shear effect. If we do not consider these two effects, say that l1 ¼0 and l2 ¼0, and a þ ¼ a  , Eq. (21)
degenerates into Eq. (2), i.e. the eigen-equation for EBM, so the Timoshenko’s model degenerates to the EBM. However
according to the deﬁnition of Eq. (23) a þ is larger than a  , so for the Timoshenko’s model the sign of sinh a þ sin a  is

Fig. 6. Comparison of the fundamental resonant frequencies between the MD simulations (red hollow circles) and the Timoshenko’s model predictions
with respect to different shear modulus G ¼0.25 GPa (black triangles), G ¼0.6 GPa (blue crosses) and G ¼1.5 GPa (green squares). (a) Fixed nanostrip
length L¼ 10 nm and different layer number n¼1, 2, y, 6. (b) Fixed layer number n¼ 3 and different nanostrip length L¼ 8, 9, y, 16 nm. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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always negative as in Eq. (21). This is different from the MBSM, so that the Timoshenko’s model cannot degenerate to the
MBSM even if we neglect the cross section rotational inertia effect l1 ¼0.
As shown in Eqs. (22), the Timoshenko’s model involves also two model parameters, the bending rigidity D per unit
width and the shear modulus G. It is known that D is a cubic function of the beam height and is thus expressible as
D ¼Dbendn3 for n-layered graphene nanostrips, where Dbend denotes the bending rigidity of monolayer graphene nanostrip.
We evaluate the same value Dbend ¼3.42  10  19 kg m2 s  2 as obtained from the MD simulations. We then calculate the
values of fundamental frequencies from the Timoshenko’s model Eqs. (21) and (22) with respect to different values of the
interlayer shear modulus G. Some results are plotted in Fig. 6. It is seen from Fig. 6 that the use of the previous G ¼0.25 GPa
leads to a remarkable underestimate of the fundamental resonant frequencies for multilayer graphene cantilever
nanostrips. It is also seen that the fundamental frequency as a function of layer number n and nanostrip length L cannot
be simultaneously well predicted by adjusting a single material parameter G.
5. Closing remarks
In this work we ﬁnd through molecular dynamics simulations that the resonant frequencies f of multilayer graphene
cantilevers depend upon beam length L and layer number n in a manner very different from not only the classical
Euler–Bernoulli prediction fpnL  2, which is generally valid for thin beams, but also the Timoshenko’s model prediction.
Our MD simulation results can be described in the form f fmonop[(n–1)/n]bL  2(1  b), where fmono denotes the
corresponding resonant frequency as the layer number is 1, with b¼ 0.61 and 0.77 for the fundamental and secondary
resonant models, where fmono is the resonant frequency of a monolayer graphene cantilever.
It is also observed from MD simulated vibrations of the multilayer graphene cantilevers that interlayer shear occurs and
all the layers have almost the same deﬂections. This is consistent with the known tremendous contrast between intralayer
Young’s modulus and interlayer shear modulus. Based on this observation, we propose the MBSM that gives excellent
prediction agreeing well with MD simulations. The proposed MBSM includes only two parameters for material properties,
i.e. bending rigidity Dbend of monolayer graphene sheet and interlayer shear rigidity Dshear. In our work, the value of Dbend
is obtained by combining resonant frequency of monolayer
graphene nanostrip from MD simulation with the predicted
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
frequency expression from EBM fmono ¼ ð1:8752 =2pl2 Þ Dbend =rh, and Dshear is obtained by MD simulations, in which a
graphene ﬂake slides on a graphene substrate. The MBSM does not need any ﬁtting parameter and makes prediction that
agrees excellently with MD simulation results, implying that this model captures the intrinsic properties that deﬁne
mechanics and dynamics of multilayer graphene nanostrips under bending.
From our MD simulations we ﬁnd that during the bending of the multilayer graphene nanostrips, the interlayer shear
deformation is remarkable due to the weak shear resistance. The EBM does not include this shear effect and fails here. The
cross section of the multilayer graphene nanostrips is vertical and does not rotate during bending, thus the Timoshenko’s
model cannot work either. As evidenced by comparison with the MD simulation results, the MBSM proposed here
accurately describes the deformation of the multilayer graphene nanostrips, and predicts excellently the resonant
frequencies. Based on the analysis and discussion in this work, we would expect that the MBSM will also work for the
mechanics and dynamics of other multibeam systems, such as the nanotube bundles.
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