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a b s t r a c t
In this paper, the algorithms of non-equilibrium Green’s function (NEGF) approach for electron transport
properties of nanostructures which are implemented in XTRANS, the package developed by our group, are
described. Incorporated with the tight-binding method, this package not only can compute the regular
PBC structure, but also is capable of studying those systems which possess no translational symmetry
but helical symmetry. It selects the appropriate symmetry to minimize the computation cost if the system is subject to both symmetries. It also involves the utility of visualizing the current distribution across
the nanostructure in forms of ‘‘bond current’’, with which we developed a fast and accurate procedure to
compute the induced magnetic ﬁeld and further the inductance. To demonstrate the application, we also
calculate multiple examples of nanostructures with either translational or helical symmetry, and reveal
their distinctive electric and magnetic properties. To our knowledge, these features have never been
available in previous ready-to-use packages for electron transport.
Ó 2013 Elsevier B.V. All rights reserved.

1. Introduction
The development tendency of electronic devices is smaller, faster but less dissipation. The ongoing miniaturization of microelectronic devices has advanced to the scale of nanometers during the
past decades, and current lithographic techniques are able to
manufacture 10 nm heterostructure of semiconductors [1–4]. In
addition, many low-dimensional materials, such as carbon nanotubes (CNT), graphene, boron sheet, and MoS2, have spurred a
surge of research interest regarding their novel properties in
mechanics and electronic structures [5–18]. Moreover, even single
molecules are employed to fabricate electronic devices with the
ultimate size [19–25]. In these transport systems, the number of
carriers is dramatically reduced so that quantization of charges becomes signiﬁcant [26–30]. Meanwhile, the motion of electrons is
conﬁned in at least one dimension, and the phase coherence as
well as the energy is preserved during the transport process, as
demonstrated by the quantized conductance and negative differential resistance observed in experiments [31,32]. As a result, the
scattering of electrons occurs in the presence of the potential of
nuclei and other electrons, and accordingly the particular
electronic structure as well as the atomistic details of contacts
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has to be taken into account explicitly to study the electron
transport properties of nanoscale devices.
As far as the theoretical research regarding electron transport is
concerned, numerous works have been presented on different
levels of approximation to the electronic structure, ranging from
model Hamiltonian (e.g. p-electron tight-binding method of fullerene [33]), to the ﬁrst-principle calculation, in which the density
functional theory (DFT) is prevailingly used [34–36]. When the
Hamiltonian is determined, the transport calculation may proceed
in two distinctive ways: one is to solve the wavefunctions and
transmission probabilities of scattering states with the Lippmann–Schwinger equation, and then the current can be computed
by summing up the contribution of the occupied scattering states
in each electrode [37]. This method is usually prohibitively expensive and turns out intractable on large systems. The more practical
approach is based on the non-equilibrium Green’s function formalism (NEGF), which usually comes in matrix form [38–41]. The
NEGF approach substitutes the motion equation of Green’s function into the current operator of each electrode and thus obtain
the exact expressions of current and conductance, by which, under
the ballistic assumption, one can readily obtain the transmission
coefﬁcient of Bloch waves as well as the total current, according
to the Landauer formula [42]. Moreover, the Green’s functions
are related to the wavefunctions of the scattering states through
the spectral representation [39,43], implying that we can extract
from the NEGF procedure more information concerning the physical quantities well-deﬁned in a particular state of the system, such
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as spatial distributions of electron density, electrostatic potential,
and current density, which are of great interest in the research of
electronic properties and also serve as the basis of comprehensive
analysis for diverse nanoscale devices and materials.
In this work, we present the algorithm of calculating the magnetic ﬁeld and the inductance of atomistic transport systems,
based on the ‘‘bond-current’’ approximation within the framework
of NEGF formalism. Bond-current approach assumes that the electric current ﬂows from atom to atom via their chemical bonding
[44,45], serving as a useful tool for visualization of current distribution and fast computation for the induced magnetic ﬁeld. We
ﬁrst describe the general formalism of NEGF approach in matrix
form and the exact expression for current density. Second, the derivation of bond-current for the orthogonal basis set in conjunction
with Green’s functions is brieﬂy depicted. Finally we present the
procedure which computes the magnetic ﬁeld and inductance of
some nanostructures by combining the bond current and the exact
current density so as to overcome the divergence while applying
the Biot-Savart law. These algorithms have been implemented in
the package named XTRANS developed by our group, with which
we are able to explore electric and magnetic properties of various
nanostructures.
2. Formulation
2.1. The General formalism of the NEGF approach
Here we brieﬂy describe the general formalism of the NEGF approach, in conjunction with either quantum chemical computation
like DFT, or model Hamiltonian obtained by the tight-binding (TB)
method. The computation for Hamiltonian should be performed in
a ﬁnite basis set constituted by localized atomic orbitals, so that
the whole system could be divided into different regions: leads
and device. Each of the leads is constructed as a semi-inﬁnite
PBC structure with a unit cell large enough so that only the neighboring unit cells possess non-trivial Hamiltonian (H) and overlap
(S) elements. These supercells are sometimes referred as ‘‘principle
layers’’. The device region usually includes several principle layers
of each lead, assuming that the outmost ones which are immediately connected to the lead possess the same H and S elements
as in the deep lead. Meanwhile the distance between the leads
should be sufﬁciently large so as to eliminate the interaction between them.
Let us consider a two-terminal open system which is divided
into three parts: left lead (L), device (D) and right lead (R). The
Green’s function equation for the entire system can be written in
matrix form as follows:
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where z = E + ig, g ? 0 . sL/R describes the coupling of the device
with the left/right lead. Multiplying all the rows of the ﬁrst matrix
with the 2nd column of the second matrix and solving for GD, one
obtains:

y
L=R g L=R L=R ,

ð2Þ

where RL=R ¼ s
s named self-energy, represents the inﬂuence of leads on the device, and gL/R = (zSL/R  HL/R)1 is called surface Green’s function (SGF), corresponding to the semi-inﬁnite
leads, which can be solved by a recursive procedure as discussed
in Appendix I. With GD and RL/R, the transmission coefﬁcient for a
given energy can be written as:

ð3Þ

Then the total current of the transport system is obtained by
Landauer formula:

I¼
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where fL/R(E) is the Fermi–Dirac function of either lead.
Additionally, the Green’s function also can be expressed in
terms of wavefunctions of the system and thus it can help compute
some quantities regarding the states of electrons. For instance, the
charge density nð~
r; tÞ can be determined in terms of the ‘‘lesser’’
Green’s function G< [38,46]:
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Plugging the Schrödinger equation with respect to wð~
the time derivative of nð~
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where f/i ð~
rÞg is the basis set of atomic orbitals. In matrix form G<
can be computed by [38,47]:

G< ðEÞ ¼ i½GD CL GyD fL þ i½GD CR GyD fR

ð7Þ

2.2. Bond current
In most cases the computation of current density behaves too
demanding. Here we employ another approach regarding the current distribution which implements the concept of ‘‘bond current’’
[44,45]. By calculating the change rate of electron occupation on
each atomic site, one ﬁnds that this change rate is contributed by
the non-trivial Hamiltonian elements which correspond to the
chemical bonds of this atom with its neighbors. Therefore we assume a ‘‘bond current’’ ﬂowing through

Eeach atomic bond.

Under an orthogonal basis set func g, where n denotes atom
and c labels the orbitals at n, we deﬁne a projection operator:
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P
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ð8Þ

c

b n describes the occupation of the atomic site n. Then the
P
change rate of the occupation is evaluated as:
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Taking into account the completeness of func g: n P
assuming the current at the atomic site n comes from or goes to
other sites n0 , we obtain

bI n ¼

X
X1
bI n0 n ¼
bn H
bP
b n0  P
b n0 H
bP
bnÞ
ðP
ih
n0
n0

ð10Þ



bn H
bP
b n0  P
b n0 H
bP
b n is considered as the bond
Therefore ^In0 n ¼ i1h P
current between atomic sites n0 and n. To solve the expectation value of bI n0 n , we perform:

h
i
^ ðVÞ
In0 n ¼ eTr bI n0 n X

ð11Þ

^ is the density operator and V is the voltage. If we use DL(E)
where X
to denote the density operator at the energy E arising from the
incoming Bloch wave from the left lead, it gives [44]:
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I n0 n ¼ e
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and DL(E) is evaluated by (see Appendix II for derivation)
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If we include the spin-degeneracy factor of 2, one obtains:
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where lL and lR are the Fermi levels of the left and right leads,
respectively. These results imply that only the incoming Bloch
waves between lL and lR (lL > lR) from the left lead contribute
to the total current while the incoming waves from the right lead
are canceled out. Note that the bond-current operator only works
for the orthogonal orbitals while for non-orthogonal orbitals, so
far no Hermitian projection operator like Eq. (8) can be deﬁned. Possible strategy may involve searching for appropriate hopping
parameters for the orthogonal orbitals which could reproduce DFT
electronic structures for more complex nanostructures, and speciﬁc
schemes have been discussed in previous literature [48,49].
2.3. Conductance computation for helical symmetry
The energetics and electromechanics of various nanostructures
with helical symmetry have been developed [50–56] and later
[57–68]. While mostly the band structure was considered, the
NEGF approach, which is commonly used for translational symmetry, was barely implemented, and the spatial current distribution
was not available, excluding the possibility of inductance analysis.
In what follows we describe a scheme that mathematically converts the Hamiltonian of a helically symmetric system such that
the standard NEGF approach can be applied.
In most cases of electron transport calculation, the electrodes
comprises of unit cells with translational symmetry, and correspondingly the H and S matrices are block-diagonal and exhibit
the PBC feature:

H00 ¼ H11 ¼    ¼ Hnn ; H01 ¼ H12 ¼    Hnnþ1 ;
S00 ¼ S11 ¼    ¼ Snn ; S01 ¼ S12 ¼    Snnþ1

ð15Þ

where n and n + 1 label two neighboring unit cells, respectively.
This is the foundation upon which the surface Green’s functions
are calculated (see Appendix I). In some systems with helical symmetry [53,69], however, their H and S matrices do not carry the PBC
feature. For instance, as shown in Fig. 1, A and B are both helical unit
cells (HUC). B can be obtained by rotating A by an angle of h with
respect to the z axis perpendicular to the paper plane, plus a displacement along the z direction. To our knowledge, most of the
quantum chemistry packages usually give the H and S matrices
based on the standard atomic orbitals which are deﬁned with respect to the three coordinate axes. As far as the bonding of px orbitals is concerned, in A the px orbitals form the ppr bond, which
though does not hold for the px orbitals in B, but instead a hybrid
ppr + ppp bond comes into play. As a result, HAA – HBB, SAA – SBB,
and therefore the NEGF approach above is no longer applicable.
Nevertheless, if we rotate the initial px orbitals in B to form a new
orbital p0x , which is oriented along the connecting line between
the atoms, then the ppr bond is recovered. The argument also applies on the bonding of py orbitals while pz remains invariant after
the rotation. The new basis set can be obtained by linear combination
ofE the old one, and some of the corresponding coefﬁcients
D
/ðhÞ j/ commonly used are summarized in Table 1, where /(h)

notates a rotated atomic orbital and h is the angle it sweeps during
the rotation.
Under the new basis set, the diagonal blocks of H and S matrices
for each HUC become equal, while the off-diagonal blocks between
neighboring HUCs are also consistent because of the identical
relative positions. Accordingly the PBC feature of H and S matrices
is retrieved, and the NEGF approach suitable for PBC structure
becomes applicable to helical-symmetric systems, such as chiral
CNTs and twisted graphene nanoribbons [64–67,70]. Moreover,
for some systems with both translational and helical symmetries
(e.g. chiral CNTs), taking advantage of helical symmetry may require smaller unit cells and thus signiﬁcantly reduce the cost of
computation.
Our XTRANS package incorporates the H and S matrices that are
evaluated by TROCADERO code which implements the non-orthogonal tight-binding method with Slater–Koster integrals [71–73]. In
the following section we will show some examples to demonstrate
the capability of XTRANS in analyzing the electric properties of
various nanoscale systems.
3. Applications
3.1. Current distribution of carbyne
The monatomic carbon chain, also known as carbyne, recently
has attracted amount of attention due to its outstanding mechanical properties [74–76]. Also it serves as the simplest system in
which the current distribution of a C–C bond could be studied, as
illustrated in Fig. 2(a). The distribution exhibits axially symmetric
with respect to the axis of carbyne, and the color rings plotted on
the cross-section indicate the vanished magnitude at the axis as
well as the maximum around the atomic radius. This is consistent
with the known fact that the localized r bonds only constitute the
skeleton of atomic structure while the delocalized p bonds account
for the electric current. Referring to the equations for the wavefunctions of carbon atoms, the radial distribution of the current
density carried by each C–C bond can be ﬁtted by:

JðrÞ ¼ 61:64I0 r 3 e6:22r

ð16Þ

where r is the radial coordinate in unit of Å and I0 is the value of
bond current.
Next we intend to calculate the induced static magnetic ﬁeld. In
principle, for a given current density ﬁeld Jð~
rÞ, the vector potential
R ~r0 Þd~r0
ﬁeld ~
should
be
computed
ﬁrst
and then the magrÞ ¼ 4lp0 Jðj~r
Að~
0
~
rj
B ¼ r~
netic ﬁeld can be solved as ~
A. This method is quite expensive since it involves double integrations of the entire meshgrid.

Fig. 1. The schematic view of bonding of px orbitals in any two neighboring helical
unit cells.
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Table 1
The coefﬁcients of linear combination for the transformation of the old basis set into
the rotated one. Only the non-trivial are listed. The rotation is with respect to the z
axis.
s
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Another approach takes each of the bond currents as a breadthless
conducting wire and therefore the magnetic ﬁeld can be solved in
an analytical way, although ~
rÞ ! 1 when it comes close to the
Bð~
bonds. To circumvent this problem we utilize the current density
of the carbyne and assume each of the bond currents carries such
distribution as presented by Eq. (16). Only the coefﬁcient A needs
to be altered for different values of the bond current. Each bond
current is divided into a bunch of conducting wires and the magnetic ﬁeld induced by each of them can be solved analytically. Finer
partitioning is executed until the result converges. This procedure
avoids the divergence occurring at the meshgrid points close to or
inside the chemical bonds, and reasonably gives rise to the magnetic ﬁeld that accords with that of a breadthless conducting wire
at the region far from the bonds.
Fig. 2(b) shows the induced static magnetic ﬁeld that is evaluated by applying the scheme discussed above. The distribution of
magnitude shares the similar pattern with the current density.
Fig. 2(c) displays the corresponding radial distributions of the current ﬁeld and the magnetic ﬁeld. The black curve is calculated by
way of the approach described above, while the blue curve is
obtained by simply applying Biot-Savart law to a breadthless
conducting wire. We see that, our approach eliminates the singularities and the resulting magnetic ﬁeld varies continuously over
space, and when it is far enough from the bond axis, the bond current reasonably tends to be a breadthless wire carrying current.
The availability of the magnetic ﬁeld allows us to calculate the
magnetic ﬂux vs. current and further the inductance. We estimate
the effective radius reff of carbyne as a classical conductor. For a
conducting cylinder in which the current density uniformly distributes, the magnetic ﬂux per length through the surface (yellow)
shown in Fig. 2(b) is



U¼



l0 1
R
I
þ ln
r0
2p 2

ð17Þ

where r0 is the radius of the cylinder. Our results for carbyne
suggests that U is linearly dependent on I with a varying slope for
different given values of R, while r0 remains invariant all the time.
Accordingly, the effective radius of carbyne is found to be
reff = hr0i = 1.20 Å.
3.2. Chiral carbon nanotubes
As is known a chiral CNT exhibits both translational and helical
symmetries [53,55]. The translational unit cell usually contains
more atoms than the helical unit cell, but the physical properties
should be consistent when we make use of either of the symmetries. We take (6,3) CNT for example to demonstrate the validity
of our NEGF algorithm for helical symmetry. Fig. 3(a) shows the
translational unit cell of (6,3) CNT which contains 84 atoms, as well

Fig. 2. (a) Current density distribution of a monoatomic carbon chain, under a
voltage of 0.5 V. (b) The static magnetic ﬁeld induced by the current density ﬁeld of
(a). (c) The vector ﬁeld of the current density distribution over a middle section of a
carbon monoatomic chain, as well as the induced magnetic ﬁeld. The red curve
presents the radial distribution of the current density. The black curve represents
the radial magnetic ﬁeld using bond current approximation, and the blue curve is
obtained by regarding the bond current as a breadthless wire. The value of the bond
current is set to be 1e2/h. (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)

as the corresponding band structure, suggesting that the (6,3) tube
is essentially metallic but a band gap emerges due to the signiﬁcant curvature. Here the k-vector is deﬁned to orient along the
direction of translation. The upper panel of Fig. 3(b) depicts the
HUC (highlighted) containing only 12 atoms, and the rotation angle
and displacement between neighboring HUCs are 154.286 degrees
and 3.0 Å, respectively. The ‘‘helical band structure’’ and the conductance as a function of energy are shown in the lower left and
right panels of Fig. 3(b), respectively. In this case the wave vector
j is different from the translational k. Both of the band structures
display the same band gap and result in the equal conductance
over the entire energy region. In that sense employing helical symmetry provides the correct electrical properties of the system with
signiﬁcantly reduced computation cost. Note that although the
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minimum HUC contains 3 dimers and is much smaller than what
we use, we have to select an appropriate size of HUC which is
sufﬁciently large to ensure the corresponding H and S matrices
are block-tridiagonal.
3.3. Wrapped graphene nanoribbons
Now we turn to the zigzag-edged graphene nanoribbon
(ZGNR) which is wrapped on the surface of a cylinder. In this system the helical symmetry prevails and the translational symmetry appears only when 2pm (m is an integer) can be divided
exactly by the angle shift between the neighboring HUCs. The
upper panel of Fig. 4(a) shows the structure of a ZGNR with 6
rows of zigzag chains, wrapped around the cylinder with a radius
of 6.0 Å, and the red rectangle marks the HUC which contains 12
carbon atoms. The rotation angle and displacement between
neighboring HUCs are h = 21° and dz = 1.29 Å, respectively. Our
calculation suggests the electric properties (e.g. band structure)
are not sensitive to (h, dz) unless the radius of the imaginary cylinder is less than 3.0 Å. The lower panel of Fig. 4(a) presents the
helical band structure (left) computed with the non-orthogonal
TB method, as well as the curve of conductance vs. energy calculated by NEGF approach (right). The curve of conductance agrees
with that of a ﬂat ZGNR, indicating the electric properties of
ZGNR are robust when the curvature is not signiﬁcant. Since
our TB method does not involve spin-polarization, part of the
band structure exhibits nearly ﬂat at the Fermi level and thus accounts for the peak of conductance at the Fermi level, as reported
by previous literature [77,78].
In order to study the current distribution of the wrapped ZGNR,
we implement the bond-current algorithm described in Section 2,
with the orthogonal p-orbital TB + NEGF method. The hopping
parameters for the nearest and the second nearest neighboring
carbon atoms are 2.75 eV and 0.069 eV, respectively [79]. The calculated conductance agrees with what is shown in Fig. 3(a) except
that the sharp peak at the Fermi level is absent. By implementing
Eq. (14), we plot the position-resolved distribution of electric current at each atomic site, which is shown in Fig. 4(b). The voltage is
set to be 0.5 V, implying an integration over the yellow1 energy
window marked in Fig. 3(a). The direction of the current on the
P
atomic site a is deﬁned as ~ia ¼ 12 b Iab~
eab , where Iab is the bond current between a and b and ~
eab is the unit directional vector from a to
b. This deﬁnition works for the carbyne and graphene nanoribbons
[80]. Fig. 4(b) suggests that the current is continuous in the direction
of transport but the distribution is not uniform across the strip: the
magnitude at the edges is suppressed while it bulges in the interior
region. This observation agrees with the results for the ﬂat ZGNR reported in the previous literature [80]. Comparing with current density distribution, [cf. Fig. 2(a)], which excessively depends on the
spatial coordinates of the meshgrid, the pattern formed by bond
currents [cf. Fig. 4(b)] serves as a more straightforward recipe for
visualization of the current distribution across the atomic structure.
Fig. 4(c) presents the magnetic ﬁeld on the cutting plane which
goes through the axis of the wrapped ZGNR, induced by the collection of all the bond currents which possess the presumed current
density distribution as Eq. (16). As illustrated in the ﬁgure, the
magnetic ﬁeld is mostly concentrated in the cavity wrapped by
the strip. On the other hand, due to the peculiar distribution of
current and loose arrangement of turns, the magnetic leakage becomes considerable while the magnetic vectors inside the cavity
are no longer oriented along the z direction uniformly and the
magnitude is much lower than that of an ideal solenoid. In addition, we compute the magnetic ﬂux through the cross section, as
1
For interpretation of color in Fig. 3, the reader is referred to the web version of
this article.

Fig. 3. (a) The side view of the translational unit cell of (6,3) CNT and the band
structure of translational symmetry. (b) Upper panel: the side view of the helical
unit cell of (6,3) CNT (highlighted); lower panel: the ‘‘band structure’’ of helical
symmetry (left) and the conductance around the Fermi level (right).

Fig. 4. (a) The side view of the ZGNR (Nzz = 6) wrapped on the surface of an
imaginary cylinder, and the conductance around the Fermi level. The unit of the
conductance is 2e2/h. (b) The current distribution of the ZGNR under a voltage of
0.5 V. The size of the arrow heads corresponds to the magnitude of the current on
individual atoms which are scaled to the maximum of 0.16 mA. (c) The magnetic
ﬁeld on the cutting plane through the axis of the ZGNR. The size of the arrow heads
correspond to the magnitude scaled to the maximum of 57 gauss. The inset displays
the linear dependence of the magnetic ﬂux through the cross-section on the total
current.

shown in the inset of Fig. 4(c), from which the inductance for a single turn is found to be 3.8  102 fH.
4. Conclusion
In this paper we present various approaches of modeling the
electric and magnetic properties of current-carrying nanoscale
systems, which have been implemented in our atomistic simulation package XTRANS. We have discussed the standard formalism
of the NEGF approach, with which we employ the bond-current
approach developed by Todorov, exclusively combined with the
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orthogonal TB approach. The bond currents could provide positionresolved distribution of electric current across the nanostructure
with a reasonable volume of computation. In contrast to the current density derived from G<, the bond-current approach reveals
the current carried by each chemical bond so that bypasses expensive computation such as derivative of wavefunctions of all the relevant atomic orbitals, as well as unnecessary information like what
happens inside the chemical bonds. By combining bond currents
with the approximation for the distribution of current density for
a single chemical bond, we can estimate the induced magnetic ﬁeld
with good accuracy while avoiding the singularities in the vicinity
of the chemical bonds. In the region which is far away from chemical bonds, for instance, the cavity of a solenoid formed by a strip of
ZGNR, most of the bond currents behave as breadthless conducting
wires so that the magnetic ﬁeld can be solved analytically and
efﬁciently.
We have also discussed the way in which the system of helical
symmetry is converted by the transformation of the basis set so as
to assure that the transformed H and S matrices possess the PBC
feature. This scheme not only allows the electron transport properties of helical-symmetry systems to be calculated within the common framework of the NEGF approach, but also may greatly shrink
the volume of computation if the system bears both symmetries.
Such treatment, combined with the H and S matrices obtained
from non-orthogonal TB or DFT method, extends the usage of the
NEGF approach and thus provides the means to perform comprehensive simulation and analysis on various current-carrying nanoscale systems.

This work was supported by the National Science Foundation
CMMI Grant #0951145 (EAGER) and in part by the US Air Force Ofﬁce of Scientiﬁc Research Grant FA9550-12-1-0035 (MURI).
Appendix A
A.1. Surface Green’s function (SGF)
Referring to the self-energy RL=R ¼ sL=R g L=R syL=R , gL/R = (zSL/R  HL/R)1 literally represents the Green’s function of the entire
lead, but it proves to be impractical to calculate the inverse matrix of this semi-inﬁnite matrix in real calculations. Nevertheless,
in simulations sL/R usually describes the interaction of the device
with the principle layers of the lead that are immediately connected to the device, instead of the whole lead, and hence what
really matters in gL/R is no more than the block corresponding
to those principle layers, namely G00. That’s why it is called
‘‘surface’’.
There are many ways to derive the formalism of SGF [38,81–83].
Here we present one of them [83]. We assume our one-dimensional PBC lead is oriented horizontally, and the unit cells are
sufﬁciently large so that only the neighboring unit cells possess
non-trivial H and S elements, while H01 and S01 represent the
blocks between a unit cell and its right-hand-side neighbor. As
far as the right lead is concerned, from the deﬁnition of matrix
Green’s function we have

1
zS00 H00 zS01 H01
0
G00
C
B zSy Hy zS00 H00 zS01 H01
01
CB G
B 01
B
B 10
.. C
CB
B
y
y
C@ G20
B
zS
H
zS
.
00 H00
01
01
A
@
..
..
.
.

ð19Þ

ðzS00  H00 ÞGn0 ¼ ðHy01  zSy01 ÞGn1;0 þ ðH01  zS01 ÞGnþ1;0
Here we take advantage of the PBC feature of the H and S
matrices:

H00 ¼ H11 ¼    ¼ Hnn ; H01 ¼ H12 ¼    Hnnþ1 ;
S00 ¼ S11 ¼    ¼ Snn ; S01 ¼ S12 ¼    Snnþ1
Then we obtain the general expression for Gn0:

Gn0 ¼ ðzS00  H00 Þ1

h


i
Hy01  zSy01 Gn1;0 þ ðH01  zS01 ÞGnþ1;0

¼ t 0 Gn1;0 þ ~t 0 Gnþ1;0

ð20Þ

Applying recursively, one obtains:
1

Gn0 ¼ t i Gn2i ;0 þ ~ti Gnþ2i ;0 t i ¼ ð1  ti1~t i1  ~ti1 t i1 Þ t2i1~t i
1
¼ ð1  ti1~t i1  ~t i1 t i1 Þ ~t2i1

ð21Þ

Further we get:

G10 ¼ t0 G00 þ ~t 0 G20
G20 ¼ t1 G00 þ ~t 1 G40
..
.
G2n 0 ¼ t n G00 þ ~t n G nþ1
2

0

The iteration proceeds until t nþ1 ; ~tnþ1 < tol. Collecting terms for
G00 gives:

Acknowledgements

0

ðzS00  H00 ÞG00 ¼ 1 þ ðH01  zS01 ÞG10
ðzS00  H00 ÞG10 ¼ ðHy01  zSy01 ÞG00 þ ðH01  zS01 ÞG20
..
.

G01 G02

1

G11 G12  C
C
C¼I
G21 G22 A

ð18Þ



where z = E + ig, g ? 0+. Multiplying all the rows of the ﬁrst matrix
with the 1st column of the second matrix, it gives

G10 ¼ ðt 0 þ ~t 0 t 1 þ ~t0~t 1 t 2 þ    þ ~t 0 . . . ~tn1 t n ÞG00 ¼ TG00

ð22Þ

Then substituting Eq. (22) into the 1st row of Eq. (19) yields

G00 ¼ ½zS00  H00  ðH01  zS01 ÞT 1

ð23Þ

Eq. (23) is the desired SGF of the right lead. One may note that it
becomes the SGF of the left lead if H and S are replaced by their
Hermitian. Therefore we can obtain the SGFs for the both leads
simultaneously during one-time iteration.
A.2. Density of states DL/R(E)
Consider an Bloch wave from the left lead wLn with energy En.
The ballistic scattering state corresponding to wLn can be written as:

0

~L 1
wLn þ w
n
B D
C
wn ¼ @ wn
A

ð24Þ

wRn
~ L is the reﬂected wave, wD is the part of the scattering state
where w
n
n
on the device and wRn is the transmitted wave. Then the Schrödinger
equation for the whole open system is written as:

0
ðEn S  HÞwn ¼ @

En SL  HL

sL
0

syL

E n SD  H D

syR

~L 1
wLn þ w
n
sR A@ wDn A
En SR  HR
wRn
0

10

0 ~L 1
wn
¼ 0 ) ðEn S  HÞ@ wDn A
wRn
0
10 L 1
En SL  HL
syL
0
wn
¼ @
sL
En SD  HD
sR A@ 0 A
0
syR
En SR  HR
0

ð25Þ

Since wLn is an eigenstate of the left lead, we have
ðEn SL  HL ÞwLn ¼ 0. Then Eq. (25) becomes:
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0 ~L 1 0
1
wn
0
B DC B
L C
En S  HÞ@ wn A ¼ @ sL wn A
0
wRn

ð26Þ

Let En ? En + ig, g ? 0+, assuming Eq. (26) still holds, we have

0 ~L 1
0
1
wn
0
B DC
B
R
L C
@ wn A ¼ G ðEn Þ@ sL wn A
0
wRn

ð27Þ

Further, if GR(En) is partitioned as: [40]

0

GRL

B
GR ðEn Þ ¼ @ GRDL
GRRL

GRLD

GRLR

1

GRD

C
GRDR A

GRRD

GRR

Then we have

wDn ¼ GRD ðEn ÞsL ðEn ÞwLn

ð28Þ
wDn

Eq. (28) indicates that
can be considered as the output of a
system formed by GRD ðEn Þ and the coupling of the device with the
left lead, sL, and the input is the Bloch wave of the left lead wLn .
Now we solve the density of states arising from the wDn . By definition we have:

DL ðEÞ ¼

X D Dy
wn wn dðE  En Þ

ð29Þ

n

Substitute Eq. (28) into Eq. (29), one obtains:

DL ðEÞ ¼

X R
y Ry
GD sL wLn wLy
n sL GD dðE  En Þ
n

¼ GRD sL ½

X L Ly
wn wn dðE  En ÞsyL GAD ¼ GRD sL DLL ðEÞsyL GAD

ð30Þ

n

where DLL ðEÞ is the density of states on the left lead, and hence we
have [40,43]

DLL ðEÞ ¼

i
ðg R  g AL Þ
2p L

ð31Þ

Substitute Eq. (31) into Eq. (30) and it gives:

i R
i R
G sL ðg RL  g AL ÞsyL GAD ¼
G sL g RL syL  sL g AL syL GAD
2p D
2p D
i R
1 R
¼
G ðRL  RyL ÞGAD ¼
G CL GAD
2p D
2p D

DL ðEÞ ¼

ð32Þ
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